Abstract. If N is a finitely generated nilpotent group which is not abelianby-finite, k a field, and D a finite dimensional separable division algebra over k, then there exists a simple module M for the group ring k[G] with endomorphism ring D. An example is given to show that this cannot be extended to polycyclic groups.
Let N be a finite nilpotent group and k a field. The Schur index of every irreducible representation of N is at most two. This means that for every irreducible module M of the group ring k[N ], End k [N] (M ) is either a field or the quaternion algebra over a finite field extension of k [6, p.564] . The purpose of this paper is to examine the situation when N is an infinite finitely generated nilpotent group. In this case, the endomorphism rings of simple modules are still finite dimensional [5, p.337] . However the situation is much different and in fact we prove
Theorem 1. Let k be a field, N a finitely generated nilpotent group which is not abelian-by-finite, and D a separable division algebra finite dimensional over k, then there exists a simple k[N ]-module M with End k[N] (M ) = D.
I do not know if D in Theorem 1 can be any inseparable division algebra. The calculations seem quite difficult for large inseparable division algebras although the calculations below would show that small inseparable algebras (where the center is a simple extension) do occur.
On the other hand, if N is abelian-by-finite, then the group ring k[N ] satisfies a polynomial identity of some degree n. Since endomorphism rings of simple modules are homomorphic images of subrings of k [N ] , each endomorphism ring of a simple module must satisfy the same identity of degree n and hence must be a division ring of degree at most n/2.
If G is a polycyclic group which is not nilpotent-by-finite, one expects that somehow G will be "more noncommutative" and hence that it should be easier to get noncommutative division rings as endomorphism rings. However we will give an example of a polycyclic group G, not nilpotent-by-finite, and a field k such that there are finite dimensional separable division algebras over k which are not the endomorphism ring of any simple k[G]-module. (The endomorphism rings of simple modules are still finite dimensional [5, p. 337] .)
To prove Theorem 1, we first consider some rings which are sometimes called multiplicative Weyl algebras. Let k be a field which is not algebraic over a finite field and let λ be a nonzero element of k which is not a root of unity. Our ring is R(k, λ) = k[x, x −1 , y, y −1 ] subject to the conditions that yx = λxy. We will usually shorten this to R when k and λ are clear. R is a simple noncommutative Noetherian ring [2] . The importance of R for us is that it is a homomorphic image of many group rings of nilpotent groups.
We denote the reduced trace of an element d in a finite dimensional division algebra D over a field k by tr(d). We recall that if L is a maximal subfield of D the reduced trace restricted to L is the same as the ordinary field trace of L over k [1, p. 150 ]. We will denote the centralizer of an element d by C(d). 
where d 1 and d 2 are as in the lemma. Now
y −1 + ρ, and inductively,
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) and hence contains a two-sided ideal. Let I be the unique largest such two-sided ideal. Now I is generated by a polynomial
Since f (x) and f(λx) generate the same ideal, they have the same nonzero roots in some extension field K of k. But if {r 1 , . . . , r n } are the nonzero roots of f (x), then {λ −1 r 1 , . . . , λ −1 r n } are the nonzero roots of f (λx). Since λ is not a root of unity, these sets must be different. Therefore f (x) has no nonzero roots and hence f (x) is a unit and
to the left ideal
Suppose T corresponds to W . As T must be uniform, T is cyclic generated by say (a(x), b(x)). Therefore W must be generated by
We will denote the degree of
) and the "lower" degree by l(e(x)). k we may assume that a k = 1. Equation (1) implies that b i = 0 for i ≤ j. Comparing the coefficients of x k+1 in equation (1) we have c = λ
From equation (2), we look at the coefficient of
, and from equation (2)
). In this case, using the notation from Case
From x k in equation (2), we have
Hence
Substituting, we have
Now b k+1 = 0. Cancelling and solving for d 2 , we get
Taking traces gives a contradiction.
Choose B ∈ End M2(S) (V ) of largest degree. Such a B exists by finite dimensionality. B can be written as B = n i=m B i x i where B i ∈ M 2 (D) and B n = 0 and B m = 0. Suppose n ≥ 1. Since B 2 is also an endomorphism, it follows that B 2 n = 0 by the maximality of the degree of B. Now . Now AB = BA; and by {v 1 , . . . , v n , c 1 , . . . , c m } and W 1 be the E-subspace of W spanned by {w 1 , . . . , w n , d 1 Proof. This follows immediately form the previous lemma and theorem.
Proof of Theorem 1. If any homomorphic image of N has the required module, then N does also. Since N has maximal condition on subgroups, we may assume that all proper quotients of N are abelian-by-finite. Let Z denote the center of N . If Z is not cyclic, there are nonzero subgroups K 1 and
As a proper quotient of N , each N/K i must be abelian-by-finite and hence N is, a contradiction. Therefore Z must be cyclic and in fact infinite cyclic as a finitely generated nilpotent group with finite center is itself finite. Therefore N/Z is torsion-free. There exist nonzero integers n, k 1 , . . . , k n with n > 0, such that the N is isomorphic to the class two nilpotent group with generators {x 1 , . . . , x n , y 1 , . . . , y n , z} where [
We may replace N with this group. Let K be the center of D. Since D is separable, K is separable. Therefore there exists a ∈ K, such that K = k(a), and furthermore we may assume that a is not a root of unity. We define a homomorphism φ of k[N ] onto R n defined over K. Every element of N can be written as
φ is clearly a homomorphism of N into the unit group of R n and hence extends to a ring homomorphism of k[N ] onto R n . Therefore R n and hence k[N ] has the desired module by the previous theorem.
Let G be a polycyclic group and A a normal torsion-free subgroup of G. We recall that A is a plinth if A contains no normal subgroups of any subgroup H of finite index in G except 0 and subgroups of finite index in A. A is a centric plinth if it has rank 1; otherwise we say that A is an eccentric plinth [8, p. 396] . Example 1. We now give an example of a polycyclic group G which is not nilpotent-by-finite and a field k such that not every finite dimensional separable k-division ring is the endomorphism ring of a simple k[G]-module. Let k be a field of characteristic 0 containing an algebraically closed subfield. Furthermore we shall assume that there is a finite dimensional noncommutative division algebra over k.
. We define an automorphism φ by φ(a) = (1 + √ 2)a. Let G be the split extension A × φ z where z is an infinite cyclic group. Changing to multiplicative notation, we let x be 1 and y be √ 2. A is a plinth in G. The eccentric plinth length of G is 1. Therefore the primitive ideals of k [G] are the maximal ideals and 0 [8] . Let V be a simple module. 
But this last module is not simple, a contradiction. Therefore W is not isomorphic to Moving to the image R = (e + P)k[G]/P (e + P ), we see that R is generated by a field L 1 and an element x centralizing L 1 . Therefore R and hence D are fields. Since there are finite dimensional noncommutative division algebras over k, not all finite dimensional division algebras over k can be endomorphism rings of simple modules.
